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Abstract

In this paper, we applied successive ultraspherical integration matrices, which are used for the numerical solution of
fourth order linear boundary value problem arising in bending of a rectangular beam on elastic foundation. This method is
used to approximate for the highest-order derivative and generating approximations to the lower-order derivatives through
integration of the highest-order derivative. We can then use the produced equations in the form of algebraic system and hence it
is converted to nonlinear programming. Numerical examples illustrated the accuracy and efficiency of the proposed method
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1. Introduction

Fourth order linear BVP has been solved by
various numerical methods. Shahid S. Siddiqi et al.
[9] have used non polynomial spline to solve fourth-
order boundary value problems. Siraj-ul-Islam et al.
developed a technique based on quartic non-
polynomial spline functions for approximations to the
solution of a system of fourth-order. Riaz A. Usmani
developed the method of the solution for fourth-order
boundary value problem, considering it to be the
problem of bending a rectangular clamped beam of
length resting on an elastic foundation.

The aim of this paper is to present
ultraspherical spectral integration matrices depends
on using ultraspherical polynomials for solving beam
bending boundary value problem.
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The organization of this paper is as follows:
In section 2, we introduce ultraspherical polynomials
and some of its properties. In section 3, we presented
the procedure of the steps of ultraspherical spectral
integration method. In section 4, we introduce a
Description of the used method. In section 5, we
present numerical results demonstrating the accuracy
of our methods for some example of beam bending
boundary value problem. Section 6, contains the
conclusion of this paper.

2. Ultraspherical Polynomials and Some
Properties:

The ultraspherical or  Gegenbauer
polynomials with the real parameter (a > —1/2

,a =), are a sequence of polynomialsCf“)(x ),
j=0,1,2,.... In the finite domain x E[-1,1], each
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degree j satisfies the orthogonality relation
respectively as follows:

1 5 a-1 09 ] = ka
JA=x) T2 () (x)dx = “ 2.1)
-1 1/}/ ’j = ky
Here the normalization constant 1/}50’) is defined
as Szego:
- I'(j+2a
w](a) = 1-2a T (.] ) 0 (22)

(j+a)D(@)} T(j+)’

The polynomials may be generated by the
Rodrigue’s formula given as Bell:

[j/2] ) r(] -7+ a) .
(a) _ 1V ‘ j=2r
G 2 =D () () -2r)!‘2x) 2

where [j/2]refers to the integer part of the

fraction.

The general expressions for ultraspherical
polynomials can be put in the following way:

/21 )
Cl(x) = E G/ (a)x"™, (2.4)
r=0
where
) ) 2j—2rr .
G (@) = (-1y Uzr+a) 5

T(a)(r)(j-2r)!
A relation between the coefficients G rj + () and
Grj (@) is given by

(j=-2r-1)(j-2r-2)
4r+D)(a+j-r-1)

Gl (a)=- G/(a) (2.6)

In particular, we have the special values
; o T+

Ga)=1. Gla)=2 —U*D

L(e)I(j+1)

The fundamental recurrent formulae for
ultraspherical polynomials are defined as

(+DCA (x) = 2a+ )xCi? (x)
~(2a+j-1)C'%(x)

with the first two being: Cé/l)(x)=1 ,
CM(x)=2Ax.

Theorem (2.1):

The m-th integral of the ultraspherical
polynomials (2.4) is expressed in terms of
ultraspherical polynomials as follows:

x Ly 4

(1,C')(x) = f f fC(“)(t)dt dt,..dt,

[j/2]
E yr(n;)G (a)x; -2r+m

« _ ml(x+1)ll =1+
o3 R @)

,(2.8)

where

m _T .
yr/ H—’
T(j=-2r+l)

J/2

5@ -5

r=0

Proof: see M. A. Ibrahim

-1y " Gl (a),m = 1.

We used an approximation of any continuous
function f (x ) and an approximation of their

integrals by interpolating the function with
ultraspherical polynomials at two sets of nodes:

* The set of equally spaced points:
2i
S ={x,=-1+—,i=0,1,..,N}.
N

* The set of zeros points of the ultraspherical
polynomials:

S, ={x 1 C @) =0,i=0,1L..N}.
Theorem (2.2):

If f, (x) is the ultraspherical approximation to a

function f'(x) in finite expansion, i.e.

N
S =Y a, ¢ ), 2.9)
7=0
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then
a,=(y")" fa-

Proof: See El-Hawary et al.

5y C' (%) £ (x) dx(2.10)

3. Ultraspherical Integration Matrices

Many authors presented spectral integration
matrices proven successful in the numerical
approximation of many types of differential
equations such as. Elbarbary presented spectral
successive integration matrix where it can be used to
construct a Chebyshev expansion method for the
solution of boundary value problems. We

approximate the integral of a function f(x) by
interpolating the function with ultraspherical
polynomials at the points S1 and S2 .

Theorem (3.2):

If f(x )is approximated by ultraspherical

polynomials, then the m-th integral of f(¢) is

approximated by ultraspherical expansion in the
form:

X by G

N
g7 (@) f(x,)(2.11)
0

[[[f@)ddi...di, =

-1 -1

where the entries of m-th ultraspherical integration
matrices g7 (t), i,k =0,1,...,N are given as

follows:

Casel: x ESl

N 2126, ;,X”/_) G/ (a)

6 @=y

N ( (a)) (- k)a_i
=0 ¥=0

20 (-1)""(x, + 1)

N m
C' (x x> & AN i
1 (x,)x ;2 NU-D!

(v ) =) B (@

Case2: X ESz

[j/2]

9" (a0) = 2 Eyon)Gf(a)( (a))‘l

Jj=0 r=0

@ C{(x,)

X :j—2r+m + 22 (_1)"7‘/ (xi + l)l_]E(.m—lH)(a)
’ 4 (I -1! /

(wga)) wka) C(Ol)(x \ )
Proof: See M. A. Ibrahim

4. Description of the method

We consider a general fourth order boundary
value problem given by

V() + f()h(y) = g(x), xE[a,b], 4.1)

Subject to the boundary conditions:

() = p,,
y(l)(b) =p.

Where v, ,V; , 8, and f3 are finite real constants,

wa)=v,,

y(l) (a) = Vl D

andf (x),h(y) and g(x ) are continuous
functions on the interval [a,b ]
By applying ultraspherical integration

method (2.11), the highest derivative of y(x) can be
written as

¥ (x) = D(x). (4.2)

The low-order derivatives 9*y (x ;) / ko,
k=0,1,2, i=0,1,...,

integration of equation as follows

N are generated through
yI(x,) = fd)(x) dx +c, 4.3)
a

(2)(x,.) = }}Cb(x)dxdx +(x, —a)c, +¢, (4.4)

YO = [ [ [ D(x)dxdredx
aaa (4.5)

1
+ E(xi —-a)’c, +(x, —a)c, +c,
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y(x)= }}}xfd)(x)dxdxdxdx+ (x; —a) ¢
aaaa (4.6)

1
+ E(Xi -a)’c,+ (x,—a)e, +c,
The successive integration of equations (4.2) to (4.6)

is approximated by ultraspherical integration method
as follows:

(x )= Eq(l) (a)q)(x )+c,.

yO(x,)= Eq(”(a)fl)(x )+(x, —a), +c,,

»x) = Eq“)((%)‘PX)+ (x -a)’c,

y(X)#@l 5‘,!’)@!*)‘113(36)+ (x,—a)’e

1
+5(x, —a)c, +(x,—a), +c,.

Then we can determine the approximation solution
y(x,) by determining the coefficients ¢,
i=1,2,3,4 from the boundary conditions of the
problem of fourth order boundary value problem.

By Substituting the approximation solution in
equation of the problem of fourth boundary value

problem (4.1) and then we obtain the unconstrained
optimization problem, which can be written as

Minimize
=F(D,a) (4.7)
Where
D =[D,(x),D,(x),... 0, (x)].

The unconstrained optimization problem (4.7) can be
solved using partial quadratic interpolation method
(El-Gindy).

5. Numerical examples

In this section, we will use ultraspherical
integration method to get an approximate solution in
solving the beam bending boundary value problems,
the clamped-clamped beam which belongs to the
general class of the boundary value problems in the
form:

YY)+ f()p(y) =gx), x€[0,1],
¥(0) = y(1) =y (0) =y () =0.

Example 5.1

Consider the following boundary value
problem which describes the model of the bending of
a thin beam clamped at both ends:

Y= (x* +14x° #4957 +32x -12) ",
x€[0,1]

(5.1)

Subject to the boundary condition

y(0)=y1) =0, »"(©0)=»"(1)=0. (5.2)

The analytic solution of the above system solution
is:

y@)=x*(1-x)e"

We apply ultraspherical integration method (2.11)
the highest derivative of } can be written as

yP(x)=(x). (5.3)

The low-order  derivatives 9"y (x ) / ax ©
k=0,1,2,3; i=0,1,..,Nare generated through
integration of equation (5.3) as follows

b% (3)(x) = }CD(x )dx +c, (5.4)
0
yP(x)= }}d)(x Ydxdx +xc, +c, (5.5)
00

yP(x) = }}}d)(x)dxdxdx

1 (5.6)

+ Exzc1 +XC, + ¢,

() = [ R(x)dxdddx
0000 (57)

1

+—Xc +=Xc, +x¢, +¢,
6 2

=1,2,3,4can be determined

from the boundary conditions these constants are
found to be

The constants ¢, ,1

c,=0 (5.8)
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c;=0 (5.9) Table (5.1): The maximum absolute error by
ultraspherical integration Methods at x &S 1
N
¢ =123 ¢\ (@)®(x,) X ES, .
k=0 (5.10)
N
®)
_6k§0q1\/,k (a)q)(xk) N X ES] X ESz
N
(4 (04 MAE a MAE
o= -6% qn i ()P(x,)
k=0 (5.11) 4 -0.22 3.94E-02 -0.49 1.93E-02
N
+23 gy (a)P(x,) 6 049 824E-04 025  2.80E-04
=0 8 -0.10 6.03E-06 0.49 1.18E-06
Substltutlng from equations (5.8) to (5.11) in 0 075 5 17508 012 2 57609
equation (5.7)
v 12 0.49 2.09E-09 0.22 2.13E-09
y(x) = ¢ (@)P(x,) 16 0.499 2.13E-09 -0.49 2.11E-09
k=0

1, N Table (5.2): Comparison between exact solution
+gxi (12; gy (@) P(x,) with the result in approximation solution to
0

Ultraspherical integration method for N=10 in S|

N
3) 5.12
-6y i (0)P(x,)) (.12)
k=0 . Ultraspherical
X exact solution . . error
1 s N @ integration method
+ 5 Xi ( - 6/20 quk (a)q)(xk) 0.1 0.00895188 0.00895191 2.17E-08
) N 3) ( )(I)( )) 0.2 0.03126791 0.03126793 1.78E-08
+ o X
;Zo gl k 0.3 0.05952877 0.05952879 1.81E-08
T . . 0.4 0.08592910 0.08592912 1.70E-08
Then by substituting y (xl. ) in the equation (5.1)
. 0.5 0.10304508 0.10304510 1.64E-08
and we can be written as:
L 0.6 0.10495404 0.10495406 1.53E-08
Minimize
0.7 0.08880649 0.08880651 1.46E-08
F=F (q)’ O{), (513) 0.8 0.05697385 0.05697386 1.30E-08
Where 0.9 0.01992279 0.01992280 1.52E-08
D =[D, (1), D,(1),... P, (1) ]
It can be solved by using partial quadratic 0.12
interpolation method (El-Gindy). 0.1
The following table presents the maximum 0.08 1 —— approx solution
absolute error, obtained by using ultraspherical 0.06 —a—exact solution
integration methods at the points given in S 1> S ,and 0.041
. . . 0.02 1
Fig 5.1 mad a comparative between the approximate
. . 0 . . . . *
solution and the exact solution for N=10 In .S 5 0 02 04 06 08 1 12

Fig 5.1: the approximate solution and the exact
solution for N=10In S ,.



42 M. El-Kady et al/ Journal of Engineering and Applied Sciences 1 (1) 37-43

Example 5.2

Consider the following nonlinear fourth-order
B.V.Ps:

2 2

(4) X 2 X

yo+ =-T2{1-5x+5x" |+ ———,
1+ ( ) 1+ (x-x2)° (5.14)

x€[0,1]

Subject to the boundary conditions:
»(0) =0, y(1) =0,
»Wo=o, y"m=o.

This has the analytic solution given by:

y()=x’1-x)".

We apply ultraspherical integration method
(2.11), the highest derivative of ) can be written as

yP(x)=D(x). (5.15)

The low-order derivatives 9" y (x,) / ox ",

k=012, i =0,1,..,N are generated through
integration of equation (5.15) as follows

yP(x) =}CI>(x )dx +c, (5.16)
yP(x) = }}CI)(x Ydxdx +xc,+c, (5.17)
00

y (%) = [P (x)dxdxdx

000 (5.18)
+—x’c, +xc, + ¢,
P(x) = [ [ ®(x)dxdxdxdx
0000 (5.19)

LR
+—X ¢ +—Xc,+xc, +c¢,
6 2

The constants ¢, ,i =1,2,3,4can be determined

from the boundary conditions these constants are
found to be

c,=0 (5.20)

¢, =0 (5.21)

Q@
¢ =12% qn i ()D(x,)
£ (5.22)

S 0
- 6120 qN,k (a)(I)(xk )

N
¢, =23 qyi(a@)®(x,)
k=0 (5.23)
N
-6 E
k=0

i ()P(x,)

Substituting from equations (5.20) to (5.23) in
equation (5.19), we get

_ @
»(x,) = kzo gir (@)P(x,)
558 @
+—x (123 gy, (@)P(x,)
6 £=0
63 ¢ (@)®(x,)) (5.24)
2 qnk k
L& o
+ > x; (23 qyi(@)P@(x,)
£=0
63 ¢ (cr)®
- /20 qn ik ()P (x,))

Then by substituting ) (x l.) in the equation (5.14))
and we can be written as:
Minimize
F=-F(®,a), (5.25)
Where
O =[D,(1),D,(1),... P, (1) ]

It solved by using partial quadratic interpolation

method (E1-Gindy).

The following table presents the maximum
absolute error, obtained by using ultraspherical
integration method at the points given in S 1> S ,and

Fig (5.2) mad a comparative between the
approximate solution and the exact solution for N=10

InSZ.
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Table (5.3): The maximum absolute error by
ultraspherical integration methods at x &S 1

x €S, .

x €S, x €S,
N
a MAE a MAE

4 0.13 3.30E-02 -0.33 1.66E-02
6 -0.11 1.36E-08 -0.37 1.31E-08
8 -0.35 1.35E-08 -0.11 1.21E-08
10 1.30 1.34E-08 0.49 1.35E-08
12 0.59 1.36E-08 -0.21 1.22E-08
16 0.49 1.35E-08 -0.22 1.35E-08

Table (5.4): Comparison between exact solution
with the result in approximation solution to

Ultraspherical integration method for N=10 inS | -

X exa?t ) Ultras'pherical error
solution integration method

0.1 0.00072900 0.00072900 8.26E-10
0.2 0.00409600 0.00409600 2.98E-09
03 0.00926100 0.00926101 5.91E-09
0.4  0.01382400 0.01382401 9.00E-09
0.5  0.01562500 0.01562501 1.16E-08
0.6  0.01382400 0.01382401 1.33E-08
0.7 0.00926100 0.00926101 1.34E-08
0.8  0.00409600 0.00409601 1.16E-08
0.9  0.00072900 0.00072901 7.26E-09

6. Conclusion

In this study, ultraspherical integration method has
been applied to obtain the numerical solutions for
solving beam bending boundary value problem, at the
set of equally spaced points or the set of zeros points.
The numerical results demonstrated the efficiency
and accuracy of the proposed scheme of the method.
The numerical results obtained by the proposed
method are in a good agreement with the exact
solutions available in the literature. By considering
that the accuracy of our method depends on specified
value of the parameter ultraspherical & .

0.018
0.016
0.014 1
0.012 A

0.01 4 ———approx solution
0.008 —a—exact solution

0.006 -
0.004
0.002 -

Fig 5.2: the approximate solution and the exact
solution for N=10In S ,.
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